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Abstract
Let c : SU(n)→ PSU(n) = SU(n)/Zn be the quotient map of the
special unitary group SU(n) by its center subgroup Zn. We determine
the induced homomorphism c∗ : H∗(PSU(n))→ H∗(SU(n)) on coho-
mologies by computing with the prime orders of binomial coefficients.
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1 Main result
The center subgroup of the special unitary group SU(n) is the cyclic group
Zn of order n generated by the diagonal matrix diag{e
2pi
n
i, · · · , e
2pi
n
i} ∈
SU(n). Let c : SU(n) → PSU(n) := SU(n)/Zn be the quotient homo-
morphism. The quotient group PSU(n) is called the projective unitary
group of rank n. Consider the induced map of c on cohomologies
c∗ : H∗(PSU(n);R)→ H∗(SU(n);R) with R = Q or Z.
∗Supported by NSFC 11131008; 11661131004
†Supported by National Natural Science Foundation for young (no.11401098).
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It is well known that if R = Q then c∗ is an isomorphism of algebras. It is
also known that if R = Z there are integral classes ξ2r−1 ∈ H
2r−1(SU(n);Z),
2 ≤ r ≤ n, so that the integral cohomology H∗(SU(n);Z) is the exterior
ring Λ(ξ3, · · · , ξ2n−1). It follows that there exist integral cohomology classes
ζ2r−1 ∈ H
2r−1(PSU(n);Z), 2 ≤ r ≤ n,
as well as a sequence (an,2, · · · , an,n) of integers, such that
(1.1) the set {1, ζI = Π
r∈I
ζ2r−1 | I ⊆ {2, · · · , n}} of square free monomials
in the ζ2r−1’s is a basis of the free part of the ring H
∗(PSU(n);Z);
(1.2) the induced map of the covering c satisfies the relation
c∗(ζ2r−1) = an,r · ξ2r−1, 2 ≤ r ≤ n.
In addition, since the mapping degree of c is the order of the center Zn, and
since the product ζ3 · · · ζ2n−1 is a generator of the top degree cohomology
Hm(PSU(n);Z) = Z (m = dimPSU(n)) by (1.1), the calculation by (1.2)
c∗(ζ3 · · · ζ2n−1) = (an,2 · · · an,n) · ξ3 · · · ξ2n−1
indicates that the sequence (an,2, · · · , an,n) of integers must satisfy the con-
straint
(1.3) n = an,2 · · · · · an,n.
In view of (1.2) and (1.3) it is both of topological and arithmetic interests
to study the problem of expressing the sequence (an,2, · · · , an,n) as explicit
function in n.
By the prime factorization of an integer n ≥ 2 we mean the unique
expression n = pr11 · · · p
rt
t , where 1 < p1 < · · · < pt is the set of all prime
factors of n. In term of this factorization we introduce the partition on the
set {2, · · · , n} by
{2, · · · , n} = Q0(n) ∐
1≤i≤t
Qpi(n),
where Qpi(n) = {p
r
i | 1 ≤ r ≤ ri}, and where Q0(n) is the complement of
the subset ∐
1≤i≤t
Qpi(n) ⊂ {2, · · · , n}. The main result of this paper is
Theorem 1.1. One has an,k = pi or 1 in accordance to k ∈ Qpi(n) or
k ∈ Q0(n).
The plan of this paper is: based on an arithmetic characterization of the
integers an,k obtained in Lemma 2.2, we establish Theorem 1.1 in Section
3. In this paper the cohomologies are over the ring Z of integers, unless
otherwise stated.
The authors would like to thank their referees for useful comments and
suggestions.
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2 Preliminaries in topology
The center of the unitary group U(n) of order n is the circle subgroup S1 =
{diag{eiθ , · · · , eiθ} | θ ∈ [0, 2π]} that acts on U(n) via right multiplication.
The quotient group U(n)/S1 can be identified with the projective unitary
group PSU(n) [2], while the quotient map C : U(n) → PSU(n) is both a
group homomorphism and an oriented circle bundle over PSU(n) that is
related to the covering c by the commutative diagram
U(n)
i
ր ↓ C
SU(n)
c
→ PSU(n)
,
where i is the obvious inclusion. Let ω ∈ H2(PSU(n)) be the Euler class of
the circle bundle C : U(n) → PSU(n). Then the Gysin sequence [7, p.149]
provides us with an exact sequence relating the cohomologies H∗(U(n)) and
H∗(PSU(n))
(2.1) · · · → Hr(PSU(n))
C∗
→Hr(U(n))
θ
→Hr−1(PSU(n))
∪ω
→Hr+1(PSU(n))
C∗
→· · ·.
It has been shown in [3, Formula (4.10)] that, with respect to the presenta-
tion H∗(U(n)) = Λ(ξ1, · · · , ξ2n−1) by Borel [1], one has
Lemma 2.1. The connecting homomorphism θ in (2.1) satisfies the relation
(2.2) θ(ξ2k−1) =
(
n
k
)
ωk−1.
For a pair (n, k) of integer with 1 ≤ k ≤ n we set
bn,k := g.c.d.{
(
n
1
)
, · · · ,
(
n
k
)
},
where
(
n
k
)
= n!
k!(n−k)! is the binomial coefficient. Note that bn,k | bn,k−1 with
bn,1 = n and bn,n = 1. The following result gives an arithmetic characteri-
zation of the integers an,k in (1.2).
Lemma 2.2. There exists a set Φ = {ζ2k−1 ∈ H
2k−1(PSU(n)) | 2 ≤ k ≤ n}
of cohomology classes satisfying the following properties
(2.3) c∗(ζ2k−1) =
bn,k−1
bn,k
· ξ2k−1, 2 ≤ k ≤ n;
(2.4) the set Ψ = {1, ζI = Π
r∈I
ζ2r−1 | I ⊆ {2, · · · , n}} of square free mono-
mials is a basis of the free part of the group H∗(PSU(n)).
In particular, one has an,k =
bn,k−1
bn,k
.
Proof. The determinantal function det : U(n) → S1 is both a group
homomorphism and a smooth submersion
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SU(n)
i
→֒ U(n)
det
→ S1 (i.e. with fiber the subgroup SU(n)).
It gives rise to a retraction p : U(n)→ SU(n) by
p(g) = diag{det(g)−1, 1, · · · , 1} · g, g ∈ U(n).
It follows from i∗ ◦ p∗ = id : H∗(SU(n)) → H∗(SU(n)) that the map p∗
carries H∗(SU(n)) isomorphically onto the first summand of the obvious
decomposition
(2.5) H∗(U(n)) = Λ(ξ3, · · · , ξ2n−1)⊕ ξ1 · Λ(ξ3, · · · , ξ2n−1),
while i∗ maps the first summand isomorphically onto H∗(SU(n)).
By the exactness of the Gysin sequence (2.1) one gets from (2.2) that
ω ∪ θ(ξ2k−1) =
(
n
k
)
ωk = 0 for all 1 ≤ k ≤ n.
Consequently,
bn,k−1 · θ(ξ2k−1) = 0 for all 2 ≤ k ≤ n.
In particular, for any k > 1 the order of the class θ(ξ2k−1) ∈ H
∗(PSU(n))
divides
bn,k−1
bn,k
. By the exactness of the sequence (2.1) there exists a set
Φ = {ζ2k−1 ∈ H
2k−1(PSU(n)) | 2 ≤ k ≤ n} of cohomology classes satisfying
C∗(ζ2k−1) =
bn,k−1
bn,k
· ξ2k−1, 2 ≤ k ≤ n.
Applying i∗ to both sides one obtains formula (2.3) by the relation i∗ ◦C∗ =
c∗ and by (2.5).
Setting m = dimPSU(n) the monomial ξ3 · · · ξ2n−1 is a generator of the
top degree cohomology group Hm(SU(n)) = Z by (2.5). Since the mapping
degree of c is n the calculation
c∗(ζ3 · · · ζ2n−1) = bn,1 · (ξ3 · · · ξ2n−1) = n · (ξ3 · · · ξ2n−1)
by (2.3) indicates that the monomial ζ3 · · · ζ2n−1 is a generator of the top
degree cohomology group Hm(PSU(n)) = Z. As a result the set Ψ of 2n−1
monomials in (2.4) is linearly independent in H∗(PSU(n)).
We claim further that the elements in Ψ spans a direct summand of the
group H∗(PSU(n)). Assume, on the contrary, that there exist a monomial
ζI ∈ Ψ, a class ς ∈ H
∗(PSU(n)), as well as some integer a > 1, so that a
relation of the form ζI = a · ς holds in H
∗(PSU(n)). Multiplying both sides
by the class ζI with I the complement of I ⊆ {2, · · · , n} yields the equality
ζ3 · · · ζ2n−1 = (−1)
ra · (ς ∪ ζI) (for some r ∈ Z).
This contradicts to the fact that ζ3 · · · ζ2n−1 generates H
m(PSU(n)) = Z.
The proof of (2.4) is completed by the routine relation
dim(H∗(PSU(n)) ⊗Q) =2n−1.
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3 The prime orders of binomial coefficients
Let R+ and N be, respectively, the set of positive reals and the set of natural
numbers. For a real x ∈ R let [x] denote the unique integer satisfying
0 ≤ x− [x] < 1. It is straightforward to see that
Lemma 3.1. For any x, y ∈ R+, m,n ∈ N, with x+ y = m+ n, we have
[x] + [y] ≤ [m] + [n],
where the inequality holds if either x 6= [x] or y 6= [y].
Given a prime p and an m ∈ N the order of m at p, denoted by ordp(m),
is the biggest integer a so that m is divisible by the power pa. Clearly, if
n1, · · · , nr is a sequence of positive integers then
(3.1) ordp(g.c.d.{n1, · · · , nr}) = min{ordp(n1), · · · , ordp(nr)}.
The next formula is shown in [6, Theorem 416]
Lemma 3.2. ordp(n!) =
∑∞
k=1[
n
pk
].
Applying Lemma 3.2 we show that
Lemma 3.3. For an k ∈ Qp(n) the number an,k =
bn,k−1
bn,k
is divisible by p.
Proof. In view of the formula (3.1) it suffices to show, for any 1 ≤ k < ps
and 1 ≤ s ≤ r, that
ordp(
(
n
ps
)
) < ordp(
(
n
k
)
).
This is equivalent to
(3.2) ordp(p
s!(n− ps)!) > ordp(k!(n − k)!), 1 ≤ k < p
s, 1 ≤ s ≤ r.
By Lemma 3.2, if 1 ≤ k ≤ ps, then
(3.3) ordp(k!(n−k)!) =
∑∞
j=1([
n−k
pj
]+[ k
pj
]) =
∑s
j=1([
n−k
pj
]+[ k
pj
])+
∑∞
j=s+1[
n−k
pj
],
where the second equality comes from the obvious relation
∑∞
j=s+1[
k
pj
] = 0.
Since the integer n is divisible by ps the open interval (n−p
s
pj
, n
pj
) with j > s
contains no integer (for otherwise, there would be an integer m ∈ (0, ps)
such that n −m is divisible by the power pj for some j > s, contradicting
to that m is not divisible by ps). It follows that
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[n−p
s
pj
] = [n−k
pj
] for all 1 ≤ k < ps, j > s.
Summing this equality over j ≥ s+ 1 yields that
(3.4)
∑∞
j=s+1[
n−k
pj
] =
∑∞
j=s+1[
n−ps
pj
].
Finally, the relation (3.2) is shown by the calculation
ordp(p
s!(n−ps)!) =
∑s
j=1([
n−ps
pj
]+[p
s
pj
])+
∑∞
j=t+1[
n−ps
pj
] (by (3.3))
>
∑s
j=1([
n−k
pj
] + [ k
pj
]) +
∑∞
j=s+1[
n−ps
pj
] (by Lemma 3.1)
=
∑s
j=1([
n−k
pj
] + [ k
pj
]) +
∑∞
j=s+1[
n−k
pj
] (by (3.4))
= ordp(k!(n − k)!) (by (3.3)).
We come now to a proof of Theorem 1.1 stated in Section 1.
Proof of Theorem 1.1. Assume that the prime factorization of the integer
n ≥ 2 is n = pr11 · · · p
rt
t . For each k ∈ Qpi(n) we can assume by Lemma 3.3
that an,k = pi ·an,k for some an,k ∈ N, and rephrase the decomposition (1.3)
of the integer n as
n = pr11 · · · p
rt
t Π
k∈Qpi(n),1≤i≤t
an,k Π
k∈Q0(n)
an,k.
Since the factor pr11 · · · p
rt
t on the right hand side coincides with the prime
factorization of n, the equality above forces out the relations an,k = 1 for
k ∈ Qpi(n), and an,k = 1 for k ∈ Q0(n). This completes the proof.
Let ∆(ζ3, · · · , ζ2n−1) ⊂ H
∗(PSU(n)) be the subgroup spanned addi-
tively by the elements in Ψ, and let T the torsion ideal of the ringH∗(PSU(n)).
By Lemma 2.2 the cohomology H∗(PSU(n)) admits the decomposition
(3.5) H∗(PSU(n)) = ∆(ζ3, · · · , ζ2n−1)⊕ T .
Since H∗(SU(n)) is torsion free c∗(T ) = 0. Assume that the prime factor-
ization of the integer n > 2 is pr11 · · · p
rt
t . Theorem 1.1 implies, with respect
to the decomposition (3.5), the following result:
Theorem 3.4. The induced map c∗ : H∗(PSU(n))→ H∗(SU(n)) is
c∗(T ) = 0 and c∗(ζI) = p
s1
1 · · · p
st
t · ξI ,
where I ⊆ {2, · · · , n}, si = |I ∩Qpi(n)|, 1 ≤ i ≤ t.
For another application of Theorem 1.1 consider a compact Lie group
G with a maximal torus T . Let π∗ : H∗(G/T ) → H∗(G) be the induced
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map of the torus fibration π : G → G/T . By Grothendieck [5] the subring
Imπ∗ ⊂ H∗(G) is the Chow ring A∗(Gc) of the reductive algebraic group
Gc corresponding to G.
Let Jn(ω) ⊂ H
∗(PSU(n)) be the subring generated by ω. The proofs of
Theorem 1.1 and Lemma 2.2 indicates that
(3.6) Jn(ω) = Z[ω]/
〈
bn,kω
k, 1 ≤ k ≤ n
〉
, degω = 2.
On the other hand one can show for G = PSU(n) that
(3.7) Imπ∗ = Jn(ω).
Moreover, in view of the obvious decomposition bn,k = an,k+1 · · · an,n and
by Theorem 1.1, the number bn,k admits the prime factorization
(3.8) bn,k = Π
1≤i≤t
pri−sii ,
where si = ri if k ≥ p
ri
i , and satisfies the relation si ≤ logpi k < si + 1 if
k < prii . Combining (3.6), (3.7) with (3.8) yields the following decomposition
of the Chow ring A∗(PSU(n)c) into its primary torsion ideals
Theorem 3.5. If n > 2 has the prime factorization pr11 · · · p
rt
t , then
A∗(PSU(n)c) = Z ⊕
i∈{1,··· ,t}
Z[ω]+/
〈
prii ω, p
ri−1
i ω
pi , pri−2i ω
p2i , · · · , ωp
ri
i
〉
.
Remark 1. In [2, §4] Baum and Browder obtained certain information
on the Serre spectral sequence associated to the fiber sequence U(n)
C
→
PU(n)
χ
→ BS1, where χ is the classifying map of the Euler class ω ∈
H2(PU(n)). Write H∗(U(n)) = Λ(zi : i = 1, · · · , n) and H
∗(BS1) = Z[α],
where |zi| = 2i − 1 and |α| = 2, It is shown in [2, §4] that the differentials
dr in the spectral sequence satisfy the relations
(3.8) dr(zi) = 0 for r < 2i; d2i(zi) =
(
n
i
)
αi.
Applying (3.8) one can obtain an alternative proof of Lemma 2.2.
Our approach to Lemmas 2.2 uses the exact sequence (2.1) which can
be extended to compute the cohomologies of all the adjoint Lie groups, e.g.
[3, Theorem 4.7, Theorem 4.12].
Remark 2. The study of the prime orders of binomial coefficients has a
long and outstanding history, see the survey article [4] by Granville. Using
the classical Kummer’s Theorem [4] one can give an alternative proof of
Lemma 3.3. We note that the statement and expression of Kummer’s result
is too technical to be presented here, while the our proof of Lemma 3.3 is
independent to Kummer’s approach, and is more accessible to the general
audience.
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